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ASYMPTOTIC LARGE TIME BEHAVIOR OE SINGULAR SOLUTIONS 
OE THE EAST DIEEUSION EQUATION 

KIN MING HUI AND SOOJUNG KIM 


August II, 2015 


Abstract. We study the asymptotic large time behavior of singular solutions of 
the fast diffusion equation u, = Am'" in (R" \ {0)) x (0, oo) in the subcritical case 
0 < m <—, n > 3. Firstly, we prove the existence of singular solution u of 
the above equation that is trapped in between self-similar solutions of the form 
of i = 1,2, with initial value mq satisfying < uq < A 2 |x|“^ for 

some constants Ao > Ai > 0 and <y < —, where B ■.= — r,—a 
and the self-similar profile satisfies the elliptic equation 

A/'" -I- af -h/3x • V/ = 0 in R" \ {0) 

with lim|j-|^o |xp/(x) = A,- and limi^i^oo |x|^/i(x) = D^. for some constants 
Da, > 0. When < y < n, under an integrability condition on the initial value 
Mo of the singular solution m, we prove that the rescaled function 

u(y, t) ■= t^uit^y, 1), T := log f, 
converges to some self-similar profile / as t —> oo. 


Contents 


1. Introduction 

2. Inversion elliptic problem for self-similar profiles 

3. Singular self-similar profiles 

4. Exisfence and asymptotic behavior of singular solufions 

4.1. Exisfence 

4.2. Earge time asymptotics 
References 


1 

18 

23 

24 
29 
36 


1. Introduction 

We sfudy solufions of fhe Cauchy problem of fhe fasl diffusion equation 

ut = An'" (1.1) 
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in (R.” \ {0}) X (0, oo), which blow up at the origin a = 0 for all time, in the subcritical 
case 0 < m < n > 3. The equation (11.11) is the well-known heat equation 
for m = I, porous medium equation for m > I, and fast diffusion equation for 
0 < m < 1, respectively, that model diffusive processes of heat flows and gas flows 
in various media O, HDKL IIV2L When m = n > 3, fhe equation (11.11) also 
arises in the study of the Yamabe flow equation 


% 

dt 


^-Rg 


(1.2) 


on W where R is the scalar curvature of the metric g{x, t) at time t BDKSL IIDS2L 
BPSL lYl . In fact the metric g - u'!^dx^ on an open set O c R”, n > 3, evolves by 
the Yamabe flow (11.21) for 0 < t < T if and only if « is a solution of 


tT \ fT '2, 

Ut = - -Am™ in n X (0, T) with ni = --. 

m n + 2 

There is an extensive literature on the existence, uniqueness, regularity and asymp¬ 
totic behavior of solutions of (11.11 ) in the case mj > 1 and in the supercritical case 
^ < m < 1. In the subcritical case 0 < m < the properties of the solu¬ 
tions of (11.11) are quite different BVIH and have been extensively studied in recent 
years by P. Daskalopoulos, J. King, M. del Pino, N. Sesum, M. Saez, HDKSllDPSl 
iDSniPSUlPSl . S.Y Hsu l[HsniHs2llHs3]l . K.M. Hui llHuiTllHuiIlllCTl . M. Fila, 
J.L. Vazquez, M. Winkler, E. Yanagida BFVWYllFWll . A. Blanche!, M. Bonforte, 
J. Dolbeault, G. Grillo, J.F. Vazquez BBBDGVl IBDGVl . etc. We also refer the 
readers to the survey paper lO and the books HDKL IIV2II on the recent results on 

(ED- 

In this paper we are concerned with solutions of (11.11) in (R” \ {0))x(0, oo) which 
blow up at the origin x = 0 for all time in the subcritical case 0 < m < n >3. 
More precisely, we will prove global existence of solution u of the fast diffusion 
equation 

j u, = Au'^ in (R” \ {0}) X (0, oo) 

\m(-,0) = mo inR"\{0) 

which blows up at the origin x = 0 for all time with initial value mq satisfying the 
growth condition 


Ai|x| ^ < Mo(x) < A 2 |x| ^ in R" \ {0} (1.4) 

for some constants A? > Ai > 0 and < y < — where n>3 and 0 < m < —. 

We will adapt the method in BDSlilDKSlIHslL which uses integrability of the 
solution near the origin, to study the asymptotic large time behavior of the solution 
of (11.31 ) when < y < m. In this case the solution u of (11.31 ) with initial value mq 
satisfying (11.41 ) is also a weak solution to the Cauchy problem for the fast diffusion 
equation 

J Ut - Am™ in R” x (0, oo) 

|m(-,0) = mo in R”. (1-^) 

The study of existence and large time asymptotics of solutions of (11.31) satisfying 
(11.41) relies on the study of the self-similar solutions of (11.31) which have initial 
value of the form A|x|“^ for some constants A > 0 and < y < For any 
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< y < we consider a radially symmetric self-similar solution of (11.11) of 
the form 


U{x, t) := t ‘^fit ^x), (x, t) e R." x (0, oo) 


where 


/ 3 := 


1 


and 


a := 


2p-l 


m 


(1.6) 


2 - 7(1 — m) 1 

Then {m-\)a + 2p = 1, a - (3y, and U(x, t) is a solution of (11.31) with initial value 
Uq{x) - A\x\~'>' if and only if / is a radially symmetric solution of 


Ar + af+fix-Vf = 0, f>0 


(1.7) 


in R" \ {0} with 


lim \x\‘^f{x) - A 


(1.8) 


where we recall that 7 - f- Note that since y > a < 0 and yS < 0. Since 
the asymptotic large time behavior of solution of (11.31) is usually similar to the 
self-similar solution of (11.11) we will first prove the following result in our paper. 


Theorem 1.1 (Existence of self-similar profile). Let n > 3, 0 < m < 

^ ^ ^ 2B - p\ , 2 a n- 2 

yS < 0, Pi > 0, a - and - < — < -. 

1 - m I - m p m 

For any A > 0, there exists a unique radially symmetric solution f of 
R” \ (0), which satisfies (11.81) and 

lim |v|"^/(v) ^ Da 

\x\—^0O 


(1.9) 
(11.71 ) in 


( 1 . 10 ) 


for some constant Da > 0 depending on A. Moreover, 

A/'" = -{af +Px-Vf) <0 in R"\{0}. (1.11) 


We will prove Theorem 1 1.1 1 in section [2] using an inversion mefhod which frans- 
forms fhe above problem info an equivalenf existence problem of fhe relafed in¬ 
version elliptic equafion. Note fhaf a heuristic proof of fhe existence of solution 
of (11.71) in R” \ {0} salisfying (11.81) for fhe case < ^ < n using phase-plane 
analysis is given in Chapter 5 of IIV2II . 

We will lef n > 3 and 0 < m < ^ for fhe resf of fhe paper. In fhe case when 
0 < y < it was proved in IIHs3[ Theorem 1.2] that a rescaled limit of the global 
smooth solution u of (11.51) with initial value uo{x) ~ A\x\~'>' as t tends to infinity is a 
radially symmetric self-similar profile / which safisfies (11.71) in R” wifh a > 0 and 
P > 0 given in (11.61) . and 

lim \xf f{x) - A. 

|. r |—»00 

In fhe case y - fhe self-similar shrinking Barenblaff fype solution Sk of (11.11) 
defined by 

1 
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where T > 0 and ^ > 0 are free parameters and 


c* ■- 


2m{n — 2 — nm) 


and cr* := — 


1 


\-m ’ n — 2 — nm ’ 

which vanishes identically at time T is well known. In particular when k -0, 


So(v, t) 


I kP / 


1 2 

remains singular at the origin for all time t < T with !Bo{x,0) = {C*T)i-’’^\x\ i-'" 
and !Bo{x, T) = 0. For general initial value satisfying the condition uq x A\x\ 
for some constant A > 0 as |v| —> oo, asymptotic behavior of the solution of (11.11) 
in W X (0, T) near the extinction time T has been studied in BPS 1 1 iDKSl IHui3ll . 
For the case y = A\x\~^ is a particular solution of (11.11 ) in (R”\{0l)x(0. oo). 


Remark 1.2. Let a, (3 and p\ satisfy (11.91 ) and let fi be the radially symmetric 
solution of (Ol in R” \ {0} which satisfies (11.81) and (11.101 ) with A = 1 for some 
constant Di > 0 given by Theorem \l.l\ For any A > 0, we define 

fA{x):=A^^fi(Ax). ( 1 . 12 ) 


Then f^ satisfies (O) in R” \ {0} and 

lim |vp/i(x) = lim A'^~i{A\x\)^ffAx) = A'^~^, 

|xH0 |xH0 


< 


lim Ivf-ViW = 

|a'|—> oo 


_ 2 __^ 

lim Awm m (/l|v|) «' fi{Ax) 

|x|—>0O 


2 n-2 




(1.13) 


By the uniqueness result of Theorem li.il and the scaling property above, the so¬ 
lution f of (fFTl) in R” \ {0} which satisfies dU) and (11.101) for given constants 
A > 0 and > 0 coincides with the rescaled function fx given by (11.121) with 
A = A^'^^~~p'^ and 


r 2 2_ 

Da - DiA^i-™ '^'^1-'" P\ 


Observed by Remark 13.51 in section |3]/or any Q x ^ R", Xi(v) is a monotone 
decreasing function of A > 0. 


Let < y < Pi = 1, and a, f be given by (11.61) . Then the self-similar 
profile /i given by (II 121) yields a self-similar solution 

Ua{x, t) := r<^fA{t-Px) V{x, t) e (R” \ {0}) x (0, ~) (1.14) 

of (11.31) with initial value Ua,o{x) - Ai^~'^\x\~'>' since a - Py and 

limf/i(v, t)= lim |vr^|y|^Xi(y) =Vv 0. 

t->o \y\=t-P\A-^Q 


When < r < «, by dUl Ua e c([0, ~);L;^^(R«)) n C ({0, is a 

weak solution of (11.51) with initial value UApix) = € Lj^^^(R"). 
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When < y < we will prove the existence of solution of (11.31) trapped 
in between two self-similar solutions i = 1,2, Ai > A 2 > 0, of the form (11.141) 
with initial value uq satisfying 


< mix) < A 2 \x\-^, VAeR"\{0) (1.15) 

2 

where A,- = /!.* '" i = 1,2. We will also establish a weighted L*-contraction 
theorem for such solutions. Since \x\~'>' is not integrable in R", the difference of 
any two initial values uo,vo, that satisfy (11.151 ) may not be integrable in R". So we 
need to introduce a weighted -space in order to study the asymptotic large time 
behavior of the solution of (11.31) with initial value uq satisfying (11.151) . 

For any // > 0, we define the weighted L'-space with weight by 


with norm 


L'(r-'^;R") := |/i : f \h{x)\\x\-^^dx 

I Jr" 

PllLi(r-/';R'') = I dx. 

Jr" 


Let us fix some constants that will be used later. Let 


(^ a\ , ^ ma 

\ P) P 


(1.16) 


Unless stated otherwise we will now assume that < § < — for the rest of the 

\—m p m 

paper. Then 0 < yUi < 112 < n - 2. 


Theorem 1.3 (Weighted -contraction). Let n > 3, 0 < m < and < y < 
Let u and v be solutions of (O which satisfy 


Ua, <u,v< Ua 2 in (R” \ {0}) x (0,oo) (1.17) 


where Uai, i = L 2, are given by (11.141) with a and jA given by (fL6l) and A] > A 2 > 0. 
Assume that \uo — vqI £ L^ (r“^; R”)/or some constant ji e (jii,ii2)- Then 



\u - v\{x, t)\x\ ^ dx < 



\uo - vol(x)|x| ^ dx 


Vt > 0 


(1.18) 


and 


f (n- 

Jr" 


v)+ (x, t)\x\ ^dx< (no - vo)+ (x)\x\ ^ dx St > 0. 

Jr 


(1.19) 


Theorem 1.4 (Existence). Let n > 3, 0 < m < and < y < Let uq 
satisfy (11.151) for some constants A 2 > Ai >0. Then there exists a unique solution 
uof^ satisfying 


Uai <u<Ua 2 in (1^" \ {0}) X (0^ “)> (1-20) 

where UAjfor i = 1,2, are given by (11.141) with a, p, given by (11.61) . and Ai := 
a'^(‘ for i =1,2, respectively. Moreover 

u 

Uf < 


(1 - m)t 


in (R" \ {0}) X (0, 00 ). 


( 1 . 21 ) 
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For any solution u of (11.11) in (R." \ {0}) x (0, oo) and constants a,/? satisfying 
2B—{ 

a = -r —, we define the rescaled function u by 

i—m ’ •' 

u{y,T) ■= t"u{t^y,t), T:=logt. (1-22) 


Then u satisfes 

Ur - + an +ySy • Vm (1-23) 

in (R” \ {0}) X (-00, oo) in the classical sense since {m - \)a + 2/3 = 1. In particular 
t ) = fxiy) for (y, r) £ (R" \ {0}) x (-oo, oo). 

Note that if u is the solution of (11.31 ) given by Theorem ll.41 then (11.201 ) implies that 


/iiCv) < u(y,T) < fx^iy) 'i{y,T) e (R" \ {0}) x (- 00 , 00 ). (1.24) 

When < y < n, we will prove the large time behavior of the solution given by 
Theorem 11.41 with initial value satisfying (11.151) for some constants A 2 > A 1 >0, 
in which case, the solution belongs to C([0, 00 ); lJ^^(R”)) and is a weak solution of 
the Cauchy problem (11.51 ) (Corollary 14.II in sectionlH). More precisely we have the 
following main result. 


Theorem 1.5. Let n > 3,0 < m < <y <n, and let a, /3 be given by (11.61) . 

Let uq satisfy (11.151 ) and 

uo - AoUr^ e (r-^; R”) (1.25) 


for some constants A 2 > Aq > Ai >0 and jXi < < jX2, where jj.\, /J .2 are given by 

(frm . Let u be the solution of (11.31) which satisfies (11.201 ) with A/ = for 

i = 1,2, and let u(y,T) be given by (11.221) . Then as t ^ 00, u(y,T) will converge 
uniformly on each compact subset of ML \ {0} and in L^(r”^*;R”) to fxo(y) where 



We end the introduction by stating some definitions and notations that will be 
used in the paper. 

• For any 0 < uq € L|'^^(R” \ {0}), we say that « is a solution of (11.31) if « > 0 
in (R" \ {0}) X (0, 00 ) satisfies (11.11) in (R” \ {0}) x (0, 00 ) in fhe classical 
sense and 

||m(-, t) - nollii(^) —> 0 as t ^ 0 (1.26) 

for any compacf set K cW \ {0}. 

• For any 0 < uq € LJ^^(R”), we say that n is a weak solution of (11.51) if 
0 < M £ C ([0, 00 ); Lj'^^(R”)] satisfies (11.11) in R”x(0, 00 ) in the distributional 
sense and (11.261) holds for any compact set c R". 

• For any xq £ R”, and /? > 0, we let Br{xo) = {jc £ R” : |a - aqI < R) and 
Br = Br(0). We also let ^r = Br \ Bi/r for any R> 1. 

The rest of the paper is organized as follows. In section |2l we will study the inver¬ 
sion elliptic problem associated with the solution of (11.71) which satisfies (11.81) and 
(11.101) for some consfants A > 0 and Da > 0. Section [3] is devoted to the proof of 
Theorem ll.il In section |4] we will prove Theorem 1 1.31 Theorem 1 1.41 and Theorem 

O 
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2. Inversion elliptic prob l em for self-similar profil e s 


In order to study the existence of singular self-similar solutions of (11.11 ). we 
introduce an inversion formula for the solution of (11.71) which satisfies (11.81) and 
(11.101) for some constants A > 0 and Da > 0. We first note that / is a radially 
symmetric solution of (11.71) in R" \ {0}, if and only if the function 

g{r) ■- r=\x\> 0, (2.1) 


satisfies 

Ag -i-W - ^{ag+^x-Vgj^O, g>0 

in R" \ {0} with 

n — 2 

jS = -yS, and a = a -/?. 

_ m 

In this case the condition (11.81) is equivalent to 


( 2 . 2 ) 

(2.3) 


a 


lim |Apg(A) = A. 

|x|—»oo 


(2.4) 


Note that if (11.91) holds, then 


O' > 0, 


yS>0 


a 


a n — 2 / n — 2\ 

- + -e 0,- 

y6 m \ m j 


(2.5) 


and 


0 


a 

< — < 
P 


n — 2 — nm 
m{\ — m) 


2 a n — 2 

-< — <- 

I —m p m 


( 2 . 6 ) 


Hence existence of a radially symmetric solution / of (11.71) in R" \ {0} satisfying 
(11.81) and (11.101) is equivalent to the existence of a radially symmetric solution g 
of (12.21) in R” \ {0} satisfying (12.41) and g(0) = Da- In this section we will prove 
the existence of a radially symmetric solution g to (12.21) in R" \ {0} satisfying (12.41) 
when (11.91 ) holds. 


Lemma 2.1. Let n > 3,0 < m < a > 0, P + 0 and dip < For any t] > 0 
and Ro > 0, let g £ C([0, Rq)', R) n C^((0, Rq)', R) be a solution to 

(g ) -p- (g ) + r 'n ^{dg + prgr) = 0, g>0 (2.7) 

r 

in (0, Rq) which satisfies 

g{0) = rj and lim rgrir) = 0. (2.8) 


Let k := Pjd. Then 


I g{r) + krg\r) >0 Vr £ (0, Rq) 
\ g\r)<0 Vr£(0,7?o)- 


Proof. The proof is similar to one for IIHs21 Lemma 2.1]. Let h\{r) g{r)+krg'{r). 

By direct computation h\ satisfies 


K 


n — 2 — (mlk) 


(1 


m) -1- r 

g m 


-I^I m 


h\ = in — 2 


m\ g 
kl r 


> 0 

(2.9) 
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in (0,/?o) since j - ^ < By (12.81) there exists sq e (0,/?o) such that /ji(£) > 0 
for any 0 < e < sq- Let 0 < e < eo and 

q{r) ■- g'"~\r) exp g^~'"(p)dpj , Vr € (e, Rq). 

Multiplying (12.91 ) by q{r), we have 

>0 in {e,Ro), VO < e < eo 

which implies /ii(r) > 0 for £ < r < Rq and 0 < £ < £o. Hence /ii(r) > 0 for any 
0 < r < /?o- Since 

1 / „ 1 _ .\^ n—2—nm o 

_ . -ar^-^h, <0 Vr £ (0,/?o), 

it follows from (12.81) that r^~^{g’"y < 0 in (0,/?o)- Hence g' < 0 in (0,/?o) and the 
lemma follows. □ 

In the following lemmas we will prove the local existence of solution of the 
O.D.E (IZTT). 

Lemma 2.2. Let n > 3, 0 < m < and a,y§ £ R. For any q > 0, there exists a 
constants > 0 such that (12.71) has a unique solution s £ C^([0,£);R)nC^((0,£);R) 
in (0, £) which satisfies 

g{0) - q and g'{0) - 0. (2.10) 

Proof. Let q := qjl, and let £ £ (0,1) be a constant to be chosen later. We first 
observe that if g £ C^([0, £); R) n C^((0, s)\ R) is a solution of (12.71) in (0, s) which 
satisfies (12.101) . then 

p”-3+M;7= [agip) + Ppgpip)] dp Vr £ (0, s) 

which suggests one to use fix point ai'gument to prove existence of solution of (12.71 ). 
We now define the Banach space 

-{(g,/i):g,/i£C([0,£];R)) 

with a norm given by 

WigJflWXs = niax|||g||i,~([o,£]),||/r||L»([o,£])). 

For any (g, h) € Kg, we define 

(hCg, h) ■.= (OiCg, h), 02(g, h)), 

where for 0 < r < £, 

(^i{g,h){r) \= q + r hip)dp, 

. (2.11) 
^2ig,h)ir) := ^ “ {^Sip) +fipKp)] dp. 

Let 

■- \ig,h) £ 2(£ : ||(g,/r) - iq,0)\\x, <q = q/2}. 
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Note that is a closed subspace of X^. We will show that if e e (0,1) is 
sufficiently small, the map {g, h) i-> 0(g, h) will have a unique fixed poinf in T)s,ri- 
We firsf prove fhaf ^ if £ e (0,1) is sufficienfly small. In facl for 

any e e (0,1) and (g, h) € 


max 

0 <r<f: 


f 


h(p) dp 


<fjE<f}, 


and for 0 < r < e, 


„I m(r\ r’’ .. o , n-2-nm , ~ > 

P ^ [\o‘\gip) + Wh{p)^dp 


<(377) 


I—m 


ro-l-l n-2-nm 

5ri\a\ r 


-I 


+ 


f m 


\a\ + \P\ .. 

<{5ri) -;-;-r m 


n—2—2m n—2—m 
-I 


n — 2 — 2m 


-Mr 


2-1 


fj < Me 


n—2-)im 


-I 




( 2 . 12 ) 


where M ■= 3(3?7)^ w-2-2m ’ ^i^^ce 77 < g < S?) for (g, h) e De,;;. Since ” -1 > 

0, by (12.12b (^{De,i]) 2Je,ri for sufficienfly small s € (0,1). 

Now we will prove fhaf O is a confracfion map if e £ (0,1) is sufficienfly 
small. Lef {gi,hi),{g 2 ,h 2 ) e and 6 ■.= ||(gi,/7!) - {g2,h2)\\Xs- Then 

II^>i(^!,/7i) - 3>i(g2,/72)llL“’([0,e]) < max f |/ii(p) - h 2 (p)ldp < sS, 

0 <r<s Jo 


and by (12.12b . for 0 < ?• < £, 

gl-m(^) 


mpi 


r) f'- 

- I P" 

Jo 


■3+2 


g 2 '"(r) r 

mr’^~^ Jo ^ 

lg}-'”(r)-g^'”(7-)| 


< 


-3+ 


mr 


+ 6 


■n—{ 




(dgifp) +^phi(p)jdp 

lag2(p) +Pph2{p)]dp 

2—nm ( ^ \ 

“ [\a\gi+ \/3phi\jdp 


- 3+2 


£^(r) 

mp^- 


2 r 

* Jo 


.,«-3+2 


(idl + ^|p) dp 


(1 - m) |gi(r) - g2(r)| ^ ^(St)) 

<-;-Me n + 

g\-'”(r) 


V" 


mr 


11 -m nr 

~Jo ' 


.,«-3+2 


(idl + ^|p)dp 


< < (1 - m)M + 


(3??) 


\—m 


n — 2 — 2m 


(\a\ + ^|e) 


e ^ d 
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since 77 < gi(r), g 2 (r) < 3fj for any r € [0, e]. Hence 
ll®2(gl,/ll) - ^2{g2,h2)\\Lr([0,B]) 

g\-'^(r) 


< max 

0<r<f: 


w r 

Jo 


mr^ 

_£^ r 

Jo ^ 


P 


«-3+- 


•3+^ 


{agi(p) +ySp/ii(p)}(ip 

■ {Q'g2(p) +^ph2(p)]dp 


< < (1 - m)M + 


(3?7) 


1—m 


n — 2 — 2m 


(|a| + ISk) 


n—2—nm 1 

e 5. 


Since 


n-2~nm 
m 


- 1 > 0 , by choosing 0 < s < 1 sufficiently small, we obtain that 


is Lipschitz continuous on with a Lipschitz constant which is less than 1/2. 
Hence by the contraction map theorem there exists a unique fixed point {g, h) - 
d)(g, h) in Then 

■^r 


g(r) =; 


Jo 


h(p) dp VO < r < e 


h{r) ^ 


mr^- 


r* ,, I 1 n—2-nm ~ 

— Ip (o^gip) + Pph(p)) dp VO < r < £ 

Jo 


(2.13) 


g\r) = h(r) ^ 


r^-\gy{r) - 




mr‘ 


-f 


17—1 


f 


P 


«-3+ = 


0 . n—I—nm ~ 

p ^ - {ag{p)+Ppg {p))dp V0<r<e 

(2.14) 

2—nni ~ , 

“ {ag{p) + Ppg ip)) dp V0<r<£. (2.15) 


By (12.131 ) and (12.14b . g(0) = 77 and g'{r) is continuously ditferentiable in (0, e). 
Since g' = h € C([0, e); 1 .) in (0, e), by (l2J4b . 


|g'(r)| < fp- 

r" ‘ Jo 


■3+= 


dp < C'r 


0 as 7 - ^ 0 


and then g belongs to C^([0, e);R) n C^((0, e);R) and satisfies (12.10b . Ditferenti- 
ating (12.15b with respect to r e (0, e), we get that g satisfies (12.7b in (0, e). Hence 
g € C*([0, e); R) n C^((0, e); R) is the unique solution of (12.7b in (0, e) which satis¬ 
fies ( 12 . 10 b . □ 

Lemma 2.3. Let n > 3, < m < and d,p e R. For any rj > 0, there 

exists a constant £ > 0 such that (12.7b has a unique solution g £ C*'’^®([0, e); R) n 
C^((0, e); R) in (0, e) which satisfies 

^2-m 

(2.16) 


g{0) = 77 and lim r^'gfir) = — 

r^0+ n — 2 — 2m 


aq 


where 


n - 2 - nm „ . 1 - di n-2- nm 

di = 1-£ [0,1) and do = —-— = --- £ (0,1/2]. 


m 


2m 


(2.17) 
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Proof. Let rj rjll and let e e (0,1) be a constant to be chosen later. We define 
the Banach space 


with norm 


where 


:= j(g, /i) : g e ([0, e]; R), /i £ C ((0, e]; R), and 
r^'h{r) can be extended to a function in C ([0, £]; R)|, 

ll(^,/^)lk = max[||g||co,«o([o,^;]),lk^‘/i|lL”([o,£])), 


ll§llc'>-'’ 0 ([ 0 ,£]) ^ II§IIl”([0,£]) + [g]5o,[0,£] = llgllL“’([0,£]) + sup —- 1 ^, 


and we will still denote the extension of r^'h by r^'h. For any {g,h) e let 
(i>{g,h) ((S>i{g,h), 02 {g,h)) be given by (12.111 ). which is well-defined for 0 < 

r < e since 0 < hi < 1. Let 


^e,ri ■= {(§’ h)eX'^\ ||(g, h) - {rj,-fr )||x' < 77 = rjll, g(0) = ?/}, 


where 


^:= 


ai] 


,2-w 


n—l—2m 

We will show that for ij > 0, there exists e e (0,1) such that the map {g,h) 
<l)(g, h) has a unique fixed point in the closed subspace 

We first prove that O(lDg^) c for sufficiently small s e (0,1). For any 
(g, h) £ 0 < r < e, and 0 < 5 < e - r, 


5 \(S>i{g,h)(r + s)- Oi(g,/i)(r)| 


_ c ~^0 


If 


h{p)dp 


<s 2 (? 7 +l^l) 


1 -di 

n + lfl 

< - S 2 


r 


- -p 1 
s 


p ^'dp 
I-<5i 


1 -dl 

since (1 - 1 - < 1 - 1 - z^~^' for any z > 0. Hence 

„ ^d+\^\ i-<5, >n{fj+\f\) n_^ ?! 

Il‘hi(g,/i) -??||l»([o,£]) < 1 —— e ^-r-e < - 

1 — 01 n - 2 - nm 2 

r.T. . 7 ^ n / 7 M ^ fj + \f\ m{ji + \f\) ~- 2 -«m 77 

[<».(«.»->7W, = [<t,(S,«W., i ^ " ^2 


n-2-nm (n—2-nm)r] r-i-'t. 

2„, < Thus 


\\^i{g,h) - 77llcO'«o([o,£]) ^ ^ 


(2.18) 
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if 0 < £ 2m < 


" the r Hospital rule, for any (g, h) e 


lim 

r->0+ mr''~^ ' 




V 


\-m ft 2 6i + jgr/i(r)| 


lim 


m r^0+ (n — I — 

^1—m 

at] +P lim rh{r) 


m{n - 1 - 5i) 

^2—m 


arj" 


n — 2 — 2m 


(2.19) 


since 0 < (5i < 1 and \im\rh{r)\ < lim(7/ + \(\)r^ = 0. This implies that for 

r—>0 r—>0 

any {g,h) € 2);^, r^^(^ 2 {g,h) € C([0,e];l.) with lim^_o r‘^‘d> 2 (g,/i)(r) ^ Now 
we claim that the convergence in (12.191 ) is uniform for any (g, h) € We first 
observe that for any 0 < r < e, 


g'-’\r) r 

Jo 


6i\i( xij ^ ( 31 ?)' '^{V + \^\y 
p 'p '\h{p)\dp <- 


m 


(n-l + i^-di) 
(3^)'“'"(?7+ 1^1) n-2-n,n 

: ^ m 

m(n — 26i) 


( 2 . 20 ) 


and 


mr 




■3+ii 


g(p) dp 


r ^ _ g^-'"( 0 ) 


mr' 

\—m 


n — 2 — 2m 


|gi-»^(^)-gi-M (0)| 


f 




'g(p)dp 


+ 


g^-’”m r 

mr't-i-Si Jq 


^n-3+'-^ 


'\g(p)-gi0)\dp 


( 2 . 21 ) 


since g(0) = r], fj < g < 3fj in [0, e], and 


mr 




p >" dp - 


mr^' 


j_r 

-2+^ Jo 


P 


n-3+'-^ 


'dp = 


1 


n — 2 — 2m 


By (12.211) and the mean value theorem, 


ag^-’\r) r 


mf' 

<|a|(l -m)77“”'|g(r) -g(0)| 


-3 I n—2—nm 

gip) dp 


3?7 


n — 2 — 2m 


+ \a\ - 

mr” ^ Jo 


^n-3+S 


'lg(p)-g(0)l dp 


( 2 . 22 ) 
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since < g( r) < 3 f] for r G [0,e]. Since < V for (g,/i) £ the right 

hand side of ( 12 . 221 ) is bounded above by 


, IdKl - m)3rf 


\a\r]^ 


./o + 1^1'/ ^ jA < 


2|d|77^ 


n—2—nm 

r 2 m VO < r < e. (2.23) 


n — 2 — 2m n — 2 — 2m n — 2 — 2m 

By (12.201) . (12.221) and (12.231) . we deduce uniform convergence in (12.191 ) for any 
(g, h) e By (12.201) . (12.221) and (12.231) . for any ly > 0, (g, h) e 0 < r < e, 

d-m,... . - ^ 

{ag(p) + Pph{p)\ dp 


r^' |<f’ 2 (g, h){r) + Cr 


-5i| _ 


mr‘ 


f/- 


•3+£ 


< 


2|d|?7"-" ^ ^|(?7/2 + |^|) /3?7 


n — 2 — 2m m{n — 26\) \ 2 


1 — 


(2.24) 


if e e (0,1) is sufficiently small. Hence by (12.181) and (12.241) . for any 77 > 0, 
<l)(£)g^) c if e e ( 0 , 1 ) is sufficiently small. 

Now we will show that O is a contraction map if e e (0,1) is sufficiently 
small. Let(gi,/ii),(g 2 ,/i 2 ) elD^^andd := ||(gi,/ii) - (g 2 ,/i 2 )IUl- Then 


ll‘l*l(gU^l) - ®l(g2,/l2)llL‘»([0,e]) + [ffil(gu/jl) “ ®l(g2,/j2)](5o,[0,e] 


= max 

0<r<e 


f 


{hi(p) - h2(p)}dp 


41 


p ^^dp + sup 5 ' 

0<r<E, 0<s<£-r 


+ sup s 

0<r<s, 0<s<e-r 


I 


{hi(p) - h2(p)}dp 


4-5i 


i±. 

r" s 2 

- h sup - 

f 0<r<E,Q<s<s—r 1 “ 


r 

- + ll 

s 


s 




+ 


1 - di 1 - di 


^ n—2—nm _ 

2e^^ 6 

6 < - 6 < - 

~ I-6i ~ 2 


if e > 0 is sufficiently small, and for any 0 < r < e, 


X +0ph(p)]dp 

X {^S2(p) +Pph2(p)]dp 

-- j^P “ {|Q'|gi(p) + ^p/ri(p)|)Vp 

„I-m/^\ pr 

+ j {|d||gi(p) - g2(p)l + \P\p\hi{p) - h2{p)\]dp 


=:/i + h. 
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Since 77/2 < g\,g 2 < 3?7/2 in [0, e], by the mean value theorem 

^ fo + mm]dp. ( 2 . 25 ) 

Since gi(0) = g2(0) = j], 

llgi -g2llL“([0,£]) < sup /“[gi -g2]6o,[o,r] < e^°S. (2.26) 

0<r<£: 

Hence it follows from (12.201) . (12.221) . (12.231) . (12.251) and (12.261) . that for 0 < r < £, 


h < 


{I - m)\gi{r) - g 2 {r)\ g^ ’"(.r) 


(T]l2y^g\-'”{r) mr^- 


£ P" '"™ (lo-lgilp) + l^phi(p)l')dp 


,(1 - fn)lgi(r) - g 2 (r)l 


(77/2)-g}-™(r) 


1^1 + 


2|q'|?7- 


,2—m 


+ 


\^\ip + 1 ^ 1 ) / 3?7 


n — 2 — 2m m{n — 2di) \ 2 


1 —m I 


. f' 2m 


2(1- m) 




\a\T]- 


2—ni 


2\a\r[ 


2-m 


\P\(P + \^\) i'irj 


n — 2 — 2m « - 2 — 2m m(n — 26i) \ 2 


11^1 - g2llL”([0,e]) 


, 2(1 -m) 


\a\n 


2—m 


2\a\rj- 


^ ^ 1(77 + 1 ^ 1 ) / 377 


n — 2 — 2m 7i - 2 — 2m m(n — 2Si) \ 2 


l-ml 


1 —m 1 


n—2—iim 

■ £ 


■ £ 2m 


£^°6 

(2.27) 


and 


l2<S- 


gl-'\r) 


mr’^- 


— f p" {id'lp'^'’ + ^']dp 

0 


< 


377 


1-m 


|d| + 1^1 ii-2-nm 
-£ 2m 


n — 2 — 2m 


(2.28) 


By (12.271) and (12.281) . for any 77 > 0, there exists sufficiently small e £ (0,1) such 
that for 0 < r < e, 


/,<-d 


and 


< - 6 . 


Thus by choosing sufficiently small e £ (0,1), the map <1) is Lipschitz continuous 
on iDg ^ with a Lipschitz constant which is less than 1/2. Hence by the contraction 
map theorem there exists a unique fixed poinf (g, h) = 0(g, h) in T)'^ Then by 
an argumenf similar fo fhe proof of Lemma 12^ g belongs fo C‘’’‘^°([0, e);R.) n 
C^((0, e); K.) and safisfies (12.71) in (0, e). By (12.191 ). (12.161) holds. 

Finally we observe fhaf if g £ C‘’’‘^‘’([0, £); R) D C^((0, £); R) is a solution of (12.71) 
in (0, £) which satisfies (12.161 ). (hen (g, g') £ for sufficienfly small £ > 0. 
Then uniqueness of a solufion of (12.71) in (0, £) satisfying (12.161) follows from (he 
confracfion map fheorem. □ 


Now we are ready fo prove fhe global exisfence of radially symmefric singular 
solution of (12.21) in R” \ {0} for 5- > 0 and yS > 0. 

Theorem 2.4. Let n > 3,0 < m < a > 0,B > 0, § < — and 77 > 0. 
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(a) If 0 < m < then there exists a unique solution g e C'([0, oo);R) n 
C^((0, oo); R) of (12.71) in (0, oo) which satisfies (I2.10I) . 

(b) If < m < then there exists a unique solution g £ C°’^°([0, oo);R) n 
C^((0, oo); R) of (12.71) in (0, oo) which satisfies (12.161) where do and 6\ are given 
hv (IZTtT) . 

Moreover the function 

wfr) — r^g^^ir) 

satisfies w'fr) > Ofor r > 0, where k ■= yS/a. 

Proof We first consider the case 0 < m < By Lemma Ud2\ there exits a unique 

solution g e C'([0,e);R) n C^((0,e);R) of (12.71) in (0,£) for some e > 0, which 
satisfies (12.101) . Let (0, Ro) be the maximal interval of existence of solution g e 
Ci([0,/?o);R) n c2((0,/?o);R) of satisfying (ITTO]) . We claim that Ro - oo. 
Suppose to the contrary that Ro < oo. Then there is a sequence such that 

r,- < Ro, ri Z' Ro as i oo, and either 

\g'(.fi)\ oo as / —> oo 


or 


gin) —> 0 as / —> oo 


or 

g{fi) —> oo as / —> oo 

holds. By Lemma IZTl 

g'(r) < 0 and Wj(r) = 2rg^^^^{r){g{r) + krg\r)) >0 Vr £ (0,/?o) 
^ rV^(r) - wi(r) > wfRoU) >0 Vr £ {Rol2,Ro). 


Hence 

0 < {/?o2wi(/?o/2)f^^''^ < g(r) < g(0) = q Vr £ {Ro/2 ,Rq). 

Using Lemma ITT] again, we have 

2g{0) g(r) ^ r ^ /i? /o 1 ? ^ 

-— <- <kg(r)<0 Vr e (Ro/2,Ro). 

Ro r 

Thus contradiction arises. Hence we conclude that Ro - oo. Hence there exists 
a unique solution g £ C^([0, oo);R) n C^((0, oo);R) of (12.71) in (0, oo) satisfying 
(12.101) . From Lemma l2Hl it follows that Wj(r) > 0 for any r > 0. 

When ^ < m < since (12.161) implies (12.81) . a similar argument as above 
using Lemma inl and Lemma 1231 implies the existence and uniqueness of a global 
solution g £ C‘^’‘^°([0, oo); R)nC^((0, oo); R) of (12.71) in (0, oo), which satisfies (12.161) 
and w'fr) > 0 for any r > 0. □ 

Under the assumption that 0 < ^ < , we will now prove the decay rate of 

the solution of (12.71) in (0, oo) which satisfies (12.81) as r —> oo. 
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Proposition 2.5. Let n > 3, 0 < m < a > 0,yS > 0 and | < Let 

g e C([0, oo);R) n C^((0, oo);R) be a solution of (12.71) in (0, oo) satisfying (I2.8I) . 
Then there exists a constant A > 0 such that (12.41) holds. 

Proof We will use a modification of the proof of Theorem 1.6 of IIHs2ll to prove 
this proposition. Let 


s ~ B 

q{r) := r^g{r), and k = —. 

a 


Note that ^ «=2 




< According to Lemma [241 


(2.29) 


q{r) - ' {§(^) + krg'{r)^ >0, Vr > 0. 


By direct computation, 


9 

Let 


^1 +-|n-l 
r 


B I B 


2ma\q' (d'\^ B 


- \-m\ — H— r 


q 


_ d n-2- (mlk) 


m 


r B 


h 2 {r) = exp 


R n-2-iim 

- P 
m 


Vr>L 


Then h'Jr) - ^r 

7 V 2 m 


- “ p q^ (r)/i 2 (r) and 


h 2 {r) > exp 


= exp 




m 


■i: 


-(l-m)l-l 


dp 


/ n-2—nm 

Bq^~’”{l)(r “ 


7 - 1 ) 


n-2 — nm — m{\ — m)^ 


Vr > 1 


(2.30) 


which diverges exponentially to infinity as r —> oo since jS > 0 and 4 < 

Let Cl ^'"“'(l)^'(l)/i 2 (l), and C 2 := ^{n - 2- {mlk)). Then C 2 > 0. Multiplying 

(12.301) by r ^ q"\f')h 2 {r) and integrating over (1, r), we have 


n—l 


2ma 


P q”"{r)h2{r) 


q\r) 

q{r) 


= C\+C2 


i: 


n-3-^ 


p q""ip)h 2 ip)dp, Vr>L 


Let p > 0 be a constant to be chosen later. By the THospital rule, 

l~r «-3-2S2 


lim sup r 


pr M_— 2ma 

„q'{r) Ci+C 2 j^p q'"{p)h 2 ip)dp 

= hm sup-—- 

qir) r~.oo q^{r)h2{r) 


„-3-2ma 


< lim sup 


C2r ^ q’^{r)h2{r) 


(2.31) 
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where 


d ( ^ 1 2ma 

^ I n-p-i — ■^~m/ 


^ r{r)h2{r) 


-\n - p - \ - 


2ma\ n-p-2-^ 




j. 1 2ma - 

^ q"\r)h2{r) + mr ^ q'"~^{r)q {r)h2{r) 


.. ^ 1 2ma 

+ r P q"\r)h 2 ir) 


>\n - p - I - 


2ma\ n-p-2-^ 


P 


^ q \r)h 2 {r) H- r 


P „-p-2+!L±:i21-(I+m)| 


m 


Pq{r)h2{r). 
(2.32) 


Let Co [n - p - \ . By (12.311) and (12.321) . 


pPq'ir) 

0 < lim sup —:-< lim sup 


C2 


q{r) 


Since | < 

yg m(l—m)’ 


~ 1 I n-2-nm /i titI ^ 

CQp-P+ (J3lm)r ^ •” ^ 'Pq^-'”{r) 


< lim sup 


C2 


cqP p + {film)r 




-. (2.33) 


/J^l-m(l) 


(2.34) 


n — 2 — nm a 

1 H-(1 - m)— > 1. 

m p 

Hence it follows from (12.331) that 

rPq'(r) n — 2 — nm a 

hm-= 0 V1 <p<1h -(1 - m)—. 

r->oo ^(y) rn p 

Let po := 1 + 5 - (1 - »i)|)- Then by dlMll, 

I log q{r) - log §(1)| ^ T"! ^ p~P°dp < C 2 , Vr > 1 

for some constants Ci > 0, C 2 > 0. Hence 

^(1) < q{r) < ^(1), Vr > 1. 

Then the monotonicity of q implies that lim q{r) = A for some constant A > 0 and 

r—^oo 

the proposition follows. □ 

Corollary 2.6. Let n > 3,0 < m < a > 0,p > 0, | and q > 0. Let g 

be the solution of (12.71) in (0, 00 ) given by Theoreni \2.4\ which satisfies 

n — 2 


g € C'([0, 00 ); R) n cHiO, 00 ); R) 
g£C°’'^«([0,c«);R)nC2((0,~);i 


if 0 < ni < 


n + 1 


n-2 n—2 

if - < m < - 

n + 1 n 


(2.35) 
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and 

g{0) = T], ^0 if 0 <m< -—j 

~ 2-m (2-36) 

g(0) = 77 , lim r^^grir) = - ^ —— if -—- <m< - 

r^o+ n — 2 — 2m n + \ n 

where 60 and are given by (I2.17I) . Then there exists a constant A > 0 such that 
(12.41) holds. 

Proof The result follows from Proposition 1231 since (12.361) implies (12.81) . □ 


3. Singular self-similar profiles 

In this section we will use the inversion formula (12.11) to prove the existence of 
radially symmetric solution of (11.71) in R” \ {0} which has singular behavior at the 
origin of the form (11.81) and decreases to zero at infinity. 

Lemma 3.1 (Existence). Let n > 3, 0 < m < Suppose a, fS, p\ satisfy 
(ESI). Then for any A > 0 there exists a radially symmetric solution f of (ED in 
R" \ {0} which satisfies (11.81) and (11.101) for some constant Da > 0 depending on A. 
Moreover (11.111) holds. 

Proof. Let a and be given by (12.31) . Then (12.51) and (12.61) hold. By Theorem 
12.41 there exists a unique radially symmetric solution g of (12.21) in R” \ {0} which 
satisfies (12.351) and (12.361) wifh p = \, where r = \x\ and 60 , di are given by (12.171) . 
If follows from Corollary 12.61 fhaf 

limr^g(r)=Ao (3.1) 


for some consfanf Aq > 0. Lef 

/(r) := r“"^g(r“^), r ^ |v| > 0. 

By (12.21) . (12.361) and (13.11) . / is a radially symmefric solution fo (11.71) in R" \ {0} 
which safisfies 

a n-2 

lim rf> f{r) = Aq, and lim r "• f{r) - 1. 

(-—> 0 + I—^00 

For any A > 0, lef 

fi(x) := AT^f(Ax). 

Then /a safisfies (11.71) in R” \ {0} wifh 

lim r^fiir) - lim A^~^(Ar)^f(Ar) = A~~^Ao 

r— 

< 

n—2 ~ 2 n-2 n—2 2 n—2 

lim r f^ir) - lim T'-m m (Ar) »' f{Ar) - Ti-m m . 

, r—>00 r—»oo 
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For a given A > 0, let /I := (A/Aq)^^^ ‘ ^ Then fx satisfies (11.81 ) and (11.101 ) with 
Da - (A/Ao)^~ gy Lemma [2Al 


or 


a/Cr) +/5rfrir) = /? |^/('') + rfr{r) 


= pr- 
> fSr~ 


f/a 

n-2\ 

ll/3 

m 1 

f/a 

n - 2\ 

ll^ 

m ) 




..-u 


/3 ■ 


Hence fx satisfies (11.111 ) and the lemma follows. 


Lemma 3.2. Let n > 3, 0 < m < Suppose a, jS, pi satisfy (11.91 ). Let f be a 
radially symmetric solution of (11.71) in R” \ {0} satisfying 


lim \x\ f{x) = p 

|3:|—>oo 

for some constant p > 0. Then f satisfies (11.111) . 

a 

Proof Let q{r) := rP f{r), where r = |y| > 0. Then 


(3.2) 


A direct computation implies 


q\r) = ^rP ^ |/(r) + ^^/'(^)} Vr > 0. 


(3.3) 


q 


1 


^1 + -In- 1 

q 


2 

2 ma\q' (q'\ /? q' a n — 2 — {m/k) 


-hml— H- r 

q) m 




(3.4) 


P I q 

where k := /3/a. For any 0 < e < 1, let 

/r(r) = exp|— J" p^~‘'^~"‘^^q^~'”(p)dpj Vr 

Since /3 < 0, h{r) is a decreasing function of r > e. By (13.21) . there exists a constant 
To > 1 such that 


> e. 


P n-2 

- < r "■ f(r) < 2p 


Vr = |x| > ro. 


fj a n-2 a n-2 

-rfi m < q(^r) < 2prf^ Vr > tq- 


(3.5) 


Hence 

lim h{r) > lim exp 


= C exp 


^ r°^l-(l-m)2^I-m(^)^^^ ^(2^)I-m r 

m Js m Jro 

t r^i-(i-)f^i-M(^)^\>o ( 

m Je I 


for some constant C > 0 since 2 




<0. 













20 


KIN MING HUI AND SOOJUNG KIM 


Let c\ := e” * q’^ ^{E)q'{E), and C 2 := ^(n-2 - . Note that C 2 > 0. We 

. 1 2ma 

multiply (13.41) by r q’”{r)h{r) and integrate over (e, r) to have 


Q{r) ■= ^ P (f^{f)h{r) 


q'{r) 

q{r) 


^ Cl + C2 


r n-3- 


q^(p)h{p)dp Vr > e > 0. 

(3.7) 


Since h is positive for r > e, and ||/i||L”([e,oo]) < by (13.51 ). 


I 


„ Q Zma 

p q'^{p)h{p)dp < 


rra 

I 

1 " 


T 2ma 

q'"{p)h{p)dp + C 


r*oo 

f 


dp < 


holds for any r > e and some constant C > 0. Hence the monotone increasing 
function Q{r) is bounded above in {e, oo). Thus limr-^oo Q{r) exists. 

Now we claim that lim;._»oo Q{r) < 0. Suppose to the contrary that lim Q{r) > 0. 

_ _ r—^oo 

Then by (13.21) . (13.31) and (13.61) . 


0 < lim 

q{r) 


(a rf'{r) 
= T] lim r P { — + 

r—^oo 


[P f(r) 

Thus there exist constants co > 0 and ri > 1 such that 

f'(r) Co -i+i^ 

- > —r P 

f{r) q’” 

Cr\B I uiE 

^ogfir)>\ogf{n) +-r 


= 77 "^ lim 

r—^00 


1 tttO' 

r'~~nr) 

m 


Vr > n 
Vr > ri 


which contradicts (13.21) . Hence lim Q{r) < 0. Since by (13.71) Q{r) is a strictly 

r—^oo 

monotone increasing function of r > e, it follows that Q{r) < 0 for any r > e. Thus 
q'{r) < 0 for any r > 0 since 0 < e < 1 is arbitrary. This together with (13.31) implies 
that / satisfies (11.111) . □ 

Lemma 3.3. Let n > 3,0 < m < —. Suppose a, jd, p\ satisfy (11.91 ). Let f be a 
radially symmetric solution of (11.71) in R” \ {0} satisfying (11.81) and (13.21) for some 
constants A > 0 and q > 0. Let g, a, p, do, di be given by (ED, (ED and (ITTtT) 
respectively. Then g satisfies (12.21) in R" \ {0}, (12.41) . (12.351) and (12.361) . 

Proof Let g(0) = lim^^o+ gir)- Then by (13.21) g(0) = q. By direct computation 
g e C([0, 00 ); R) n C^((0, 00 ); R) satisfies (12.21) in R" \ {0}, and by (11.81) . (12.41) holds. 
We nexf prove fhaf rg'{r) e L°°((0, 00 )). By (12.51) and Lemma [T2l 


a 


-rg{r) + rg\r) = r 


a n — 2 


P 


m 


fir ^)-r ^f'{r ') 


_n-2 a 


= —r 


jfir-^) + r-^f{r-')\>0 


..-1 


Vr > 0. 


(3.8) 


By (12.21) and (13.81) . 

(r"“^(g'")') = [agir) +Prg{r)\ <0 Vr > 0. 


(3.9) 
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Hence r" is decreasing in r > 0. We now claim that 

\im {r)y <0. (3.10) 

r^O 

Suppose the claim is not true. Then there exists a constant d > 0 such that 

/’-\g'y(r)>6 V0<r<d. 

Hence there exists a constant d > 0 such that g'{r) > for 0 < r < d since 
g{0) = T] > 0. This implies that 

gi6) - gir) > ^ VO < r < d, 

which diverges to infinity as r ^ 0. This is a contradiction. Hence the claim (13.101) 
holds. Then by (13.91 ) and (13.101) . 

<0 ^ g\r) <0 Vr > 0. 

Hence by (13.81) . 


a 


a 


g(0) < g(r) < rg'(r) <0 Vr > 0. 


(3.11) 


Thus rg'(r) € L°°((0, oo)). Now we claim that 

lim rg'(r) - 0. 
r—>0+ 

In order to prove (13.121) . we note that by (13.1 II) . 

lim |r"-‘(g'")'(r)| - mg'"-\0) lim |r"-’g'(r)| < ■ lim ^ Q 

r^O ^ " r-^0 yS r^O 

and hence by (13.91) . 


(3.12) 


r'’-^(g'"(r)y - 


' ^ p” {dg(p) + ^pg'(p)j dp Vr > 0 


p* ”’(r) .. T , n-l-nm I ~ , 1 

8ir) = - ^ I p - [ag{p)+Ppg {p)\dp Vr>0. (3.13) 


mr‘ 


Thus by (13.111) and (13.131) . 

2dg2-(0),. JoP"'^ 


dp lag^-’\Q) ^ 

~ lim r ^ =0 


limsup |rg'(r)| <—2-lim ■ _ 

r _>0 m r-^o r”“2 n — 2 — 2m r^O 

and (13.121) follows. 

Now we are ready to prove (12.361) . Since g e C([0, oo);K.) and g(0) = p, by 
(13.121) for any e > 0 there exists d > 0 such that 

t]I 2 < g{r) < 2ri, and |rg'(r)| < e VO < r < d. (3.14) 

Then by (13.131) and (13.141) . 

dg^“'”(r) 


g\r) + 


ig^~"(^) r 

nir”“i Jo 


^ T I n-~2-nm 

P ^ gip)dp 


SB(2riy n-2-nm i 

< -typ—il—r ——' VO < r < d. 


n—2—2m 


(3.15) 
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If 0 < m < (13.151) implies that 


r—tO r^O mr^ 


(r) r „_ 3 +«- 2 -..m a?? 

t\p " sip)dp = - 

Jo 


2-m 


n — 2 — 2m r-^o 


n-2-nni i 

■ lim r ™ - 0. 


Then g' can be extended to a continuous function on [0, ex?) by setting g'(0) = 0. If 
^ <,„< 'l^,thenby (EB]), 


r X ,• d:g' '"(r) 

lim r (r) = — lim- 

r-*0 r^O mr^' 


r n- 

rn-l-6, P 


■3+2 


<l 

'g(p)dp ^ - 


ar]' 


2-m 


n — 2 — 2m 


which implies that r^^g'{r) can be extended to a continuous function h (say) on 
[0, oo) by setting h{r) = r^'g'{r) for any r > 0 and 


/r(0) = 


arj' 


2-m 


n — 2 — 2m 

Then (12.361) holds and 

g{r) = rj+ f p~^'h{p)dp. 
Jo 

Hence for any 5 > 0, 0 < r < 1, 


\gir + s)- g(5)| = 


< c 

pr+s 

I p“^‘ dp 


J s 






<C/° 

where C > 0 is a generic constant. Thus (12.351) holds. 


We are now ready for the proof of Theorem ll.il 

Proof of Theorem 177/} For any A > 0, existence of a radially symmetric solution / 
of (11.71) in R" \ (0), which satisfies (11.81) and (11.101) follows from Lemma im By 
Lemma [T2l f satisfies (11.111) . In order fo prove uniqueness, we lef g, a, and yS be 
given by (12.11) and (12.31) respectively. By Lemma g safisfies (12.21) in R" \ {0}, 
(12.41) . (12.351) . and (12.361) . Then Theorem [2j4] yields fhaf such g is unique. Hence fhe 
uniqueness of / follows. □ 

Corollary 3.4. Under the same assumption as Theorem \l.l\ for any A > 0, let f 
be the unique radially symmetric solution of (11.71 ) in R" \ {0} which satisfies (11.81 ) 
and (11.101 ) for some constant Da > 0 depending on A. Then the following holds: 

(i) lim,^o- - -|A 

(ii) limr_oor^+'/'('') = 
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Proof. Let g, a, jS be given by (12.11) and (12.31) respectively. By Lemma 13.31 g 
satisfies (12.21) in R" \ {0}, (12.41) . (12.351) . and (12.361) . Let q be given by (12.291) . By (12.61) 
and the proof of Proposition 12.51 (12.341) holds since (12.361) implies (12.81) . Hence by 
(12.41) . (12‘341) . and (13.81) . for any 1 < p < 1 + 


- (1 - , 


rP ■r'P ' {|g(r) + rg'(r)} k/(r-i) + 

0 - lim-- - = - lim- 


rBg{r) 


Then it follows that 


0 ^ lim r? i ^/(r) + rf\r) \=‘^A+ lim rP^'^fir). 

yp ) p r—>0+ 


By (12361). 


0 = lim rg'{r) 


= - lim 


n-2 n- 


-r /(r ') + r ^f'{r 


r^o+ I m 
n — 1 


Da - lim r 

m r->oo 


which finishes the proof. 


Remark 3.5 (Monotonicity and Comparison). Let a, f and p\ satisfy (11.91 ) and fy 
be as in Remark\L2\ Then by Lemma \3?2\f or any r = |.!c| > 0, 

+ {Ar)f{{Ar)\ 

dA [I - m ) 

< + {^r)f[{Ar)^ 

< 0 . 


Hence for any Ai > A2 > 0, there exists a constant 0 < cq < 1 such that 
Coheir) < fyfr) < fAfr) Vr > 0 
Since limr_,o > P lim^^oo j^jP) ^ 


4. Existence and asymptotic behavior of singular solutions 

Let n > 3 and 0 < m < Let pi = 1 and a, f satisfy (11.91) . For any 
4 > 0 we let fx be as in Remark 11.21 and Ua be given by (11.141 ) for the rest of 
the paper. This section will be devoted to the study of singular solutions of (11.31) 
trapped in between two self-similar solutions Uai , LIa 2 of the form (11.141) for some 
constants Ai > A 2 > 0. For our convergence, we will restrict ourselves to the case 
< ^ < n, which guarantees the integrability of singular solutions of (11.31) near 
the origin. 
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4.1. Existence. We will first prove Theorem I 1 .Sl which is a weighted L' -contraction 
principle with weight \x\~^ for /i e 

Proof of Theorem \1.3\ We choose rj e C“(R”) such that 0<?7<l,?7=lfor 
\x\ < 1, and rj - 0 for |;ic| > 2. For R > 2, and 0 < e < 1, let ? 7 r(a) rjixIR), 
J]e{x) := riix/e), and = mix) - rj^ix). Then -i- \Arie,R\ < Ce“^ for 

£ < |a| < le, and IVt/srP -i- IAt/^sI < CR~^ for /? < |a| < 2R. By Kato’s inequality 

IQ, 

o 

^\u - v| < A|m'" - v'"| in ((R” \ {0}) x (0, oo)). (4.1) 

ot 

Multiplying (14.11) by T]E^Rix)\x\~^ and integrating over R” \ {0}, we have 


^ r \u-v\{x,f)T]E,Rix)\x\ ^dx< f lu'^ - v'"l(x, t) A (tJe^r(x)IxI dx 

M Jr" Jr" 

= r \u'^-v''Xx,f)[\x\~^AT]s,R + T^r}e,R-'ff\x\~^+T}E,RA\x\~>"]dx. 

Jr" 

Since 0<fi<ii2<n-2, 

A\x\-f^ =iu{iu-in- 2)} \x\->^-^ <0 in R" \ {0}. (4.2) 


Hence 


d_ 

dt 



\u - v\{x,f)T]E^Rix)\x\ ^dx <CR ^ ^ 


L 


B2r\Br 


a{x, t) \u - v\{x, f) dx 


+ Cs ^ ^ I a{x, t) \u - v\{x, t) dx 

J B2s\Bs 

(4.3) 


where 

a{x, 


,t):= r 

Jo 


mds 


mU’"-\x, t), M{x, t) £ (R" \ {0}) X (0, c«) 


[su -I- (1 - 5)v)i-'” 

by (11.171) . It follows from (11.171) and (14.31) that for R > 2, and 0 < £ < 1, 

r \u- v\{x, t)ris,Rix)\x\~^dx 
dt Jr« 

<CR-^-t^ f U’J]-^UA2(x,t)dx + C£-^-t^ f U’J]-^UAXx,t)dx. (4.4) 

JborKBr JboABc. 


'B2r\Br 

By Remark [T5] for any f > 0 and r > 0, 


r r U’l^UA^dxds ^ f f s ^x)fA 2 X ^x)dxds 

^B2r\Bf »-'0 *JB2r\Br 

- r fl-'iy)fA2iy)dyds 

Jo Jb^_-bAb,^8^ 


<Cn 


' f y^(y)dyds (4.5) 

-'0 JB2^-p^\B^-^fi^ 
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where cq > 0 is as given in Remai‘k[33] Since j by (11.81) and (11.101) . there 

r ^,r ~j for r > 0. Hence by 

(1431) . 

r f V^-^UA.dxds 

^0 ^ B2r\Bf 

<C r f min(lyr^,lyr^'’-^^)dyds 


<c£' ^(s~^rf-T,(s-^rfj ds 


< 


Since a = 


If t > 1, then 


Ctr~ 

Cr" P + Cr^ 


f 




if r^r < 1 

ifr^r > 1. 


{n — 2)f3 - ma +1 - n(i — a. 


f 


^(n-2)p-,na ^ . 


a — np'^ ' 

logit r~h 

-^( 

, np - a ^ 


fP-a _ /-f J 


if np < a 
if np = a 
if np > a 


and hence by (14.61) . 

r f u’^;^u,,dxds 


< . 


/O JB2r\Br 

„_nia 

Ctr' ~ 

n+2~ 


C/'---? + Cr^ + log(tr"3) + 

By (14.41) and (14.71 ). for any t > 0, 


if r^r < 1 
if r^r > 1. 


I \u - v\ix, 

JR" 




-f 

Jr" 


\uq - Vo|(jc)77e,R(.r)|A| >"dx 


<Ct + R~^ log /? + /?“^ + 


(4.6) 


(4.7) 


(4.8) 


for sufficiently large R > 2 and small e e (0,1). Letting e —> 0 and /? —> oo 
in (14.81) . (11.181) follows from the choice of // € (/ii,/r 2 )- By a similar argument as 
above, (11.191) holds. □ 

Proof of Theorem lL^ Note that a - Py, uq e Lf° (R”\{0)), and (11.151) is equivalent 


to 


t/ 2 i(v, 0) < uo(x) < Ua 2 (x, 0), V.r € R" \ {0}. 
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Uniqueness of solution of (11.31) satisfying (11.201) then follows from Theorem 11.31 
We next observe that by (11.131) /i, satisfies 

\im\x\PfA,{x)=Ai and lim \x\^fx-^x) = Di (4.9) 

|jic|—>0 |jc|^oo 

where A,- = d/^ and D,- = 4/" D\ > 0. By Theorem 2.2 of IIHui2ll combined 
with (11.151) there exists a unique solution ur £ C{^r x (0, oo)) n C°°{^r x (0, oo)) 
of 

' Ut = Am™ in J{r x (0, oo), 

. u = Uxi in d^R X (0, oo), 
u{-,0) = uo inJlR, 

which satisfies (11.11) in JIr x (0, oo) in fhe classical sense. 


\\ur{-, t) - ^0 as t ^ 0, 

and 

Ua^ <ur< Ua 2 in JAr X (0, oo). (4.10) 

Since fx^ salisfies (11.111) . 

dtUx, - AUl = < 0, V(x, 0 £ X (0, ~). (4.11) 

Hence by Theorem 2.2 of IIHui2ll . 

dtUR < in ^R X (0, cx,). (4.12) 

(1 - m)t 

For sake of completeness we will give a differenf simple proof of (14.121) here. Lef 
V and 

Ur 

nz\ := —A (u’^z) - dtz = m Az + ■ Vz + vz| - dtZ. 

Ur ^ ' ( m - 1 J 

By direcf compufafion, v satisfies 

■Pfv] = in ^R X (0, oo). 


For any 6 £ (0,1), we choose es £ (0, 5) such fhaf 

1 +(5 


and define 


Then wsit) satisfies 


v(-,(5)< 


W6{t) ^ 


(1 - m){6 - Es) 
1 +d 

(1 -m)(t-Es) 
\ - m 


in.^R, 


Vf > 6. 


We claim fhaf 


PVws] = mvws + ^ in JAr x (d, oo). 


v{x, t) < w^it) in JAr X (d, oo). 


(4.13) 
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By (14.111) . V < 0 < W 5 on dJ{R x [5, 00 ). Since v < on x {5}, if (14.131) does 

not hold, then there exists an interior point (aq, to) £ x (d, 0 °) such that 

( v{xo, to) = ws{xo, to) > 0, Vv(ao, to) = Vw< 5 (ao, to) 

{ , 2 (4-14) 

y D v{xo, to) < D wsixo, to), dtv{xo, to) > dfWsixQ, to). 

Then by (14.141) . we deduce that at the point (xq, to), 

0 < ^ ^ 9{v\ < !P[w< 5 ] ^ [m + j vv^ < w] 

which is a contradiction. Thus (14.131) holds. Letting d —> 0 in (14.131) . (14.121) follows 
since ss £ ( 0 , 6). 

Let Q be a bounded open subset in R" \ {0} such that O c R” \ {0}. Then there 
is a bounded open subset Q c R” \ {0} which contains O. By (14.101) . for any 
0 < d < r, the equation for the sequence {n«)R>i (for sufficiently large /? > 1 ) is 
uniformly parabolic on Q x (d/2, T]. Hence by the parabolic Schauder estimates 
ULSUI . the sequence {t<fi}R>i (for sufficiently large /? > 1 ) is equi-continuous in 
C^4(Qx(d, rj). By the Ascoli Theorem and a diagonalization argument there exists 
a sequence Ri —> 00 as / —> cxj, such that ur. converges to some function 

u e C^4 \ { 0 }) X ( 0 , 00 )) uniformly in C^’^(K) as i —> 00 for any compact set 

K c (R" \ {0}) X (0, 00 ). Then u satisfies (11.11) in (R" \ {0}) x (0, 00 ) in the classical 
sense, and (11.201) . (11.211) follow from (14.101) and (14.121) . 

Now we will prove that u has initial value mq- It suffices to prove that 


M-, t) - moIIl1(b,(xo)) ^0 as t ^ 0 

for any ball Br(fo) such that B 2 r{xo) c R" \ {0}. Fix such a ball Br{xo) with r > 0, 
and let /?o > 0 be a constant such that B 2 rixo) c JIr^ . By using the Kato inequality 
and an argument similar to the proof of IIHPi Lemma 3.1] we deduce that for R, R' > 
2Ro, 

-( f \uri - UR\{x,0)d^ 

[jBlrixo) } 

= \/t>0 


L 


\ur' - ur\{x, t)dx 


Br(XQ) 


for some constant C > 0. Letting R' - Ri 00 , 


/ 

\J Bf' 


\u - ur\{x, t)dx < CF’ f 1 -'", Vt > 0. 


(xo) 


Hence for any R, > 2Ro, 


lim sup 


I 


\u{x, t) - uoix)\dx 


t^O JBr(xo) 


< lim sup 

t^O 


II 


\u - ur.\{x, t)dx + 

Axa) 

2 1 

<limsup = 0 


X 


BAxa) 


\ur.{x, t) - uo{x)\dx 


which completes the proof of the theorem. 


□ 
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Corollary 4.1, Let n > 3, 0 < m < and < y < n. Then the solution 
II o/ (O) given by Theorem m with initial value uq satisfying (11.151) for some 
constants A 2 > Ai > Q is a weak solution of (fT31) . 


Proof. Let ip e (R” x (0, 00 )) be such that supp ^ c R" x (tiJi) for some con¬ 
stants t 2 > t\ > 0. For 0 < e < 1, let i/e £ C^(R”) be as in the proof of Theorem 
11.31 and let a, be given by (11.61) . Since 

h,{x) < Qxr^ in r \ {0} 

for some constant C > 0, (11.201) implies that 

u(x, t) < Ux^ix, t) < cr“\r^x\~~p = C\xV~P V{x, t) £ (R” \ {O}) x (0, 00 ). 

Then for any 0 < e < 1, 


If 
If. 
‘AI. 


R''x(0,oo) 


|m'” A(/j - uiftj dx dt 


|m'”A(? 7 £(/)) - urjEift] dx dt 


R''x(0,oo) 


E ^u’^dxdt + 


(B2e\Be)X(fl,(2) 


<C{t2-t\)\ I E ^\x\ i^dx+ I \x\ t^dx 

•^B2e 

n-2-Sf , 

<C(e P +E 


„- 2 | 


f£ 

X 


(«'” -I- u)dx dt 


B2eX(fi,f2) 


(4.15) 


since ^ = y < n < Since 0 < £ < 1 is arbitrary, letting e ^ 0 in (14.151) . we 
deduce that u solves (11.11) in R” x (0, 00 ) in the distributional sense. 

Now we will prove that u has initial value uq. It suffices to prove that for any 
R> 0, ||m(-, t) - moIIlicBk) ^ 0 as t ^ 0. For any 0 < e < R, 


lim sup I \u{x, t) - uo{x)\dx 
t^O Jbr 

< lim sup < I \u{x, t) - uq{x)\ dx + I \u{x, t) - uq{x)\ dx 

< lim sup I Cl^r? dx + lim sup I \u{x, t) - uo{x)\dx 

/^O JBs JBr\Bs 

<Ce p 


(4.16) 


since m is a solution of (11.31) . Letting e ^ 0 in (14.161) . 


lim 



\u{x, t) - UQ{x)\dx - 0, 


V/? > 0 


and the corollary follows. 


□ 
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4.2. Large time asymptotics. In this subsection we will investigate the large time 
behavior of the solution u of (11.31) given by Theorem ll.4l with initial value uq which 
satisfies (11.151) for some constants A 2 > A\ > 0. We will assume that n > 3 , 
0 < m < < y < n, and a, (3 be given by (11.61) for the rest of the paper. 

Notice that such uq is integrable near the origin and u e C ([0, 00 ); ”))n 

c((0, ~);Li(R”)). 

For any solution u of (11.11) in (1." \ {0}) x (0, 00 ), let u be the rescaled function 
defined by (11.221) for < 0 and a - Then the rescaled function u satisfes 
(1031) in (R" \ {0}) X (— 00 , 00 ) in the classical sense and t) = /^(y) for any 
(y, r) £ (R” \ {0}) X (- 00 , 00 ) and A> 0. If u satisfies (11.201 ). fhen 

/i,(y) < u(y, t) < fA^iy) V(y, r) £ (R" \ {0}) x (- 00 , 00 ) 

and in this case by the same argument as the proof of Corollary 14.11 m is a weak 
solution of (11.231 ) in R" x (- 00 , 00 ) since <y <n. Note that u{-, 0) = «(•, 1). 

We will first prove a strong contraction principle with weight \x\~^' for such 
rescaled solutions where ^i=n-^=n-y>0. We point out that the following 
strong contraction principle does not hold for the difference “ /ti of two self¬ 
similar profiles for 0 < A 2 < A\ since by (14.91 ). 

Lemma 4.2 (Strong contraction principle). Let n > 3 , 0 < m < /3 < 0, a = 

and < ^ < n. Let u and v be solutions of (11.231) in (R” \ {0}) x (0, 00 ) with 
initial values uq and vq, respectively, such that 

fA, <u,v< fA, in (R” \ {0}) X (0, c») (4.17) 

for some constants Ai > A 2 > 0. Suppose that 

0^ Mo-voeL' (r-t^‘;R”). 

Then 

||m(-,t) - v(-,'r)llLl(r-''l;R") < ll“0 “ VollLl(r-/'l ;R«) Vt > 0. 

Proof Let q := \u - v|. By the Kato inequality, 

qT < A{dq) + [3 Aiviyq) + (a - nf3)q in ((R” \ {0}) X (0, oo)), (4.18) 


where 


mf'Jl ‘(y)<a(y,T) 



mds 

{sii + (1 - s)v)i-'” 


< mff^ ^(y) 


Vy£R"\{0},T>0. 

(4.19) 
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For any R> 2 and 0 < e < 1, let r]E^R be as in the proof of Theorem ll.3l Multiplying 
(14.181) by ?7£,R(y)|yr^‘ and integrating by parts, for any t > 0, 

r qiy,T)r]e,Riy)\y\~‘"^dy - f q(y,0)rjE^R(y)lyr^^dy 

Jr" Jr" 

<f f IdAlyr^^' -jSy-Vlyrf^' +(a-nj8)lyr^‘}q7jir,Rdyds 

Jo Jr” 

+ f f |aA77e,R|yr^‘ + laVrj^^R ■ V\y\~^' - /3y ■ Vqs,R\yr‘'' }qdyds 
Jo JB2R\B]f 

+ f f |dA77e,R|yr^‘ + 2aVqs,R ■ Vlyf^' - /3y • ) q dy ds. 


(4.20) 

Since 0 < //i < /r 2 < « - 2, by (14.21) . 

a A|yr^‘ -jSy • Vlyf^* + {a - n/?)|yr^‘ < {a + (jn - n)p} lyf^* - 0 in R" \ {0}. 

(4.21) 

By (14.171) . (14.191) and Remark [331 for any r > 0, and R > 2, 

f f |aA? 7 e,R|yr^‘ + 2aVqs,R ■ VlyP^' - Py ■ '^qs,R\y\~^' }qdyds 
Jo Jb 2 r\Br 


f ffdy + R-f^' f 

\ Jb2r\Br ^ Jb 

\ Jb 


fA2dy It 


B2r\Br 


{\x\-"-^r dy + R->^ 


B2r\Br 


‘X 


— I 

| a | dy T 


B2r\Br 


(4.22) 


which converges to zero as R oo, and for any t > 0, and 0 < e < 1, 

r r |aA? 7 £,R|yr^' + 2aVqs^R ■ Vlyf^* - Py ■ Vqe,R\y\~^' ]qdyds 
Jo Jb2s\Bs 

r f^dy + E^^^ f fA2d^T 

\ JB 2 s\Bs JB 2 s\Bs / 

<CT = C+ l) T < Cr. (4.23) 

Hence letting R oo and e —> 0 in (14.201) . by (14.211) . (14.221) . and (14.231) . 

r q(y,T)\yr''^dy - f q(y,0)lyr^^dy 

Jr" Jr" 

f f {dAlyp^* - Py ■ Vlyf^* + (a - ny6)|yr^' 1 dyds + Cr 
) Jo Jr" 

(4.24) 

Since mq - vo € L^(r“^‘; R”), by (14.241) «(•, t) - v(-, t) e ; R”) for any r > 0 

and 

r r ^(y, 5)|yr^‘dy(75 - ^ f q^^^)\y\~^^dy + Ct^, Vt > 0. 

Jo Jr" Jr" 


< limsup 
<Ct. 
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Then by (14.231) . 

r r |aA77e,R|yr^' + laVriefi ■ ]qdyds 

Jo JbjAB. 


'0 JB2e\Bi 

<CU1/^It + 
»0 


fl 


dyds 

B2b\Be 

as e ^ 0. 


(4.25) 


Therefore, letting /? —> oo and e —> 0 in (14.201) . by (14.211) . (14.221) . (14.251) . and the 
assumption that uq - vq ^ 0 on R” \ {0}, we deduce that for any t > 0, 


r <?(y,r)|yr^>r/y- f ^(y,0)|yr^‘r/y 

Jr" Jr" 


< limsup r r |dA|y| -ySy-V|y| + (a - n/3)|y| ^'} qq^udyds < 0 

R—*oo,s—^oJo JmJ' 


which finishes the proof of the lemma. 


□ 


Lemma 4.3 (cf. Lemma 1 of IIQRIl l. Let n > 3, 0 < m < /3 < 0, a - 

and < I < n. Let u, v be solutions of (11.231) in (R" \ {0}) X (0, oo) with initial 
values uq and vq respectively, which satisfy (14.171) for some constants Ai > A 2 > 0. 
Suppose that there exists a constant Tq € [A 2 , 4i] such that 

uo-fAo^L^ir-^'-,^'') 


and 


lim I 

f—»oo 


(sT') EollLl(r“^‘l ;R") — 0 

for some sequence {t,}“ j such that Ti 00 as i ^ 00 . Then 

11^0 ~/lollL'(r“''l;R") - H^O ~ XiollL'(r“''l ;R") 

and 


(4.26) 

(4.27) 


I|v(-,t) ^ l|V0 -/TollLl(r-''l;R'-) > 0- (4-28) 

Proof We will use a modification of the proof of BORU to prove this lemma. By 
the proof of Lemma l4~2l and Patou’s lemma together with (14.261) . 


“ /tollL‘(r-''l;R") - ll“0 - 
l|V0 ~//IollL‘(r-''l;R") - ll“0 ~ XiollL‘(r-''l;]B 


Vy GN 

as 7 —> oo 


and (14.271) holds. Then the proof of Lemma |4~2] implies 

l|i’('>'!') ~ XTollL'(r“''i;R") - ~ XTollz,‘(r“''i;R") ^ 

By (14.271) and the proof of Lemma |4j2j we have that for any i € N, 


(4.29) 


\\h{-,Ti) — VollLl(r-''l;R") - ll“(^ T') “ X/IollL*(r“^l ;R") ^ HW “ XtollL*(r“''l ;R") 

< 2||uo “ XiollL*(r“^l;R")’ 
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and hence for any r > 0 and i e N, 

11^0 ~//IollL*(r“''l;R'') — li^inf ||m(-, Ty) - Xio 

< ||m(',T + T,') - /lollL'(r“''l;R'') 

< ||m(-,T + T;) - v(-,r)||ii(^-^i.R„) + ||v(-,t) 

(4.30) 

Letting / —> oo in (14.301 ). 


11^0 “//IollL'(r-'"l;R") - ll^(^'^) “ XlollL'(r-''l ;R")’ > 0, 

which together with (14.291 ) implies (14.281) . □ 

We are now ready to prove the local uniform convergence of the rescaled func¬ 
tion of the solution of (11.31) to an eternal solution of (11.231) in (R” \ {0}) x (-oo, cxj) 
as well as convergence in the weighted -space with weight 1.^1“^* as t —> oo. 

Lemma 4.4. Let n > 3, 0 < m < < y < n, and let a, P be given by 

(fL6l) . Let uq satisfy (11.151) and (IL25b for some constants A 2 > Aq > Ai >0 and 
jUi < jU < ii 2 , where jUi, jU2 cit-e given by (11.161) . Let u be the solution of (11.31) which 

satisfies (11.201) . where 4, = A^J^'for i = 1,2, and let u(y, t) be given by (11.221) . 
Let {r,}“j be a sequence such that r,- —> 00 / —> 00 and 

Ui{-,T) u{-,Ti + t) Vt £ R. (4.31) 

Then there exists a subsequence of {M;}“p which we still denote by and 

an eternal solution v of (11.231) in (R" \ {0}) X (- 00 , 00 ) such that Ui converges to v 
uniformly on every compact subset o/(R" \ {0}) X (— 00 , 00 ) as i —> 00 . Moreover 

u(-,0)-/io eL'(r-^‘;R") (4-32) 

where do t^tid 

lim ||m;(',t) - v(-,t)||^i('^-;.,.r,a ^ 0 Vt e R. (4.33) 

Proof. Since u satisfies (11.231) and (11.241) in (R" \ {0}) x (- 00 , 00 ), the equation 
(11.231) for Ui is uniformly parabolic in x (- 00 , 00 ) for any /? > 1. Then by 

the parabolic Schauder estimates BLSUH . the sequence {«;}“ j is equi-continuous in 
for any compact set K c (R” \ {0}) x (- 00 , 00 ). By the Ascoli Theorem 
and a diagonalization argument, there exists a subsequence of the sequence 
which we still denote by and some function v £ C^4 y {Q}) x (- 00 , 00 )) 

such that Ui converges to v uniformly in as / —> 00 for any compact set K c 

(R” \ {0}) X (- 00 , 00 ). Then v is an eternal solution of (11.231) in (R" \ {0}) x (- 00 , 00 ) 
and satisfies 


Xi, < V < Xi2 in \ {0}) X “)■ 


(4.34) 
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We next observe that by (11.201) . (11.251) . and Theorem 1 1.31 


f 

JR" 

JR" 

<-f 

JBi 


\u(y,0) - fAo(y)\\y\ 


|m(j, 1) - l)||y| 


\u{y, 1) - UAoiy, l)lbl ^dy + 


< I \uo(y)-Ao\y\ ^\\y\ ^dy + 2 


f 

JR 

I 

JR" 


f 

jR"\Bi 

f 

jR"\Bi 


lu(y,l)-UA,(y,l)Hyr'^^dy 


fA2(y)lyr'^^dy 


< |no(y)-Ao|yniyrr/y + C 

Jr" 

<r ImoCv)-A olyr^llyr^'r/y + C' 

Jr" 


X oo 


dr 


for some constants C > 0, C' > 0 and (14.321) follows. Now we will prove (14.331) . 
By the proof of Lemma |4~^ and the Fatou Lemma, 


\\Uii-,T) /iollLl(r“f'l;R") — 


•>0) ~ fAo\\L'{r-ri-t 
> 0) ~ //IollL‘(r-'‘l;R' 


Vr > -T, 

Vt € R as / — > oo. 

(4.35) 


For any t € R and 7? > 1, 


< 



|n,(y,T) - v(y,r)||y| >^'dy 
\ui(y,T) - v(j,T)||yr^‘r/y 


+ r |miCv,t)-/ io(j)||y| + 


f 

JR' 


R"\JIk 


lv(y,T)-fAo(y)llyl ^'dy. 

(4.36) 


Let us fix T £ R, and let e > 0. By (11.241) and (14.351) . there exists a constant > 1 
such that for any R > Ri, 


f 


R"\JiR 


|vCv,t) -/io(y)||y| ^‘r/y < e, 


(4.37) 


and 



\ui(y, t) - /io(y)| • |y| ^‘dy <2 f /i 2 Cy)|y| ^'dy<C 

JR 


R"\Bjt 

—( —y) 

<CR^ ^’<E Vie 


■f 

Jr"\Br 


|y| "■ ^'dy 
(4.38) 
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Let ti ■= for i £ N. Then by (11.251) and Theorem II.Si 

r \uiiy, r) - fAo(y)llyr^'dy < f t) - /ioCy)llyr^< 3 ?y 


=t. 


il/«l 

a—nfj 


\u{x,ti) - UAQ{x,ti)\\tf x\ ^dx 






f 

JB R 

'ilKl 

I \u{x, ti) - Uao{x, ti)\\xr'^dx 

JB R 
'ilKl 


j \uq{x) - Ao\x\ ^1 \x\ ^dx. (4.39) 

Jr" 

Thus by (14.361) . (14.371) . (14.381) and (14.391) . we deduce that for any i e N, 

r |m,(j,t) - v(y,T)||yr^'<iy 

Jr" 

< r + f \uo{x) - AQ\x\-^\\x\-^dx + 2s. 

JjIr, Jr" 


(4.40) 


Since j3(ju -jui)<0, letting / ^ oo in (14.401) . by the uniform convergence of u,- to v 
on each compact subset of (R.” \ {0}) x (-oo, cxj), we obtain that 

lim sup I lui(y, r) - v(y, T)||yr^‘<iy < 2s. 

Since e > 0 is arbitrary, (14.331) holds. □ 


Proof of Theorem li.51 Let be any sequence such that r,- —> oo as / —> 

oo, and let Ui be given by (14.311) . By Lemma 03] there exists a subsequence of 
the sequence which we still denote by {m,)“p that converges to an eternal 

solution v(y, r) of (11.231) in (R” \ {0}) x (-oo, oo) uniformly on any compact subset 
of (R” \ {0}) X (- 00 , oo) as i —> oo, and (14.321) and (14.331) hold. 

Let vo(x) = v(x, 0). Then by Lemma 031 (14.271) and (14.281) hold. We claim that 
v’o = in R” \ {0}. Suppose to the contrary that vq ^ /iq on R” \ (0). Since v 

satisfies (14.341) with T, = ^\i = 1,2, by Lemma 03] together with (14.271 ). 

I|v(%t) < ||v(-,0) Vr > 0 

which contradicts (14.281) . Thus we conclude that vq = /io in R” \ (0), and uf-, 0) = 
uf, Ti) converges to uniformly on each compact subset of R” \ {0} as i —> oo. 

Since the sequence {Td“j is arbitrary, we deduce that m(-,t) converges to f^^ 
uniformly on each compact subset of R" \ {0} as t —> oo. By (14.331) . 

lim ||m(-,t) = 0 

which completes the proof of the theorem. □ 
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Remark 4.5. (a) Under the same assumption as in Theorem li.5l if we restrict 
ourselves to the case 


max 


2 /I \ 

1 — m’m + 1 / 


a 


<y=-<n. 


(4.41) 


we can obtain results similar to Theorem [731 using a different weighted L}- 
space. More precisely, let 

a P A Q ^ 

0i — Pi and O 2 ■= — hi- 

a a 

Then (14.411) implies 61 < m. For any 6 e (0, m] n {9\, 62 ), consider the weighted 
O-space with weight := defined by 


L\f\BT):=\h-. I lh(x)lf‘'(x)dx < 00 




with norm 


PIIl1(/«;R'') - I 

JR" 


\h{x)\f{x)dx. 


Then Lf is a slightly bigger space than if {r ; R") since by (14.91 ), 


/'W = 


I a|‘|x3‘(1+0(1)) 

I /I—2 P 

D 2 \x\ "• '“'^‘(l + o(l)) 


as \x\ 0, 
as \x\ 00 . 


Replacing L' (r R")/oryU G {p\,p 2 ), and (11.251) in Theroem \1.5\ bv Lf K."^ 
for 9 £ (0, m] D {9i , @ 2 ) >^nd 

Mo-Ao|xr eLi(/;R") 

one can deduce that the rescaled function u(y, r) given by (11.221) converges 
to /ig with Aq Aq ‘ , as t ^ 00 , uniformly on every compact subset 
of R.” \ {0}, and in L} ; R”) by using similar arguments as the proof of 
Theorem O In fact (14.411) which implies that 9\ < m is needed in the proof 
of the corresponding strong contraction principle with weight /®‘ for rescaled 
solutions. More specifically, for any t > 0, 

d(y, t)A/®' -fy ■ V/‘ + (a - nyS)/* 

<»!/'"-'A/> -j3y ■ V/' + (a - «/?)/' 

m 

-/‘-I {-29ilSy • V/ + {-9ia + a- nl3)f} 

</^‘ {19ia + {-9\a + or - nfi)] = 0 in R" \ {0} 


by (11.111) where d(y, t) is given by (14.191) (cf (14.211) ). 

(b) Ifj^ <m<'^, then ^ and hence (| 4.41| ) holds fory = | e 




















36 


KIN MING HUI AND SOOJUNG KIM 


References 

[A] D.G. Aronson, The porous medium equation, CIME Lectures, in Some problems in Nonlinear 
Dijfusion, Lecture Notes in Mathematics 1224, Springer-Verlag, New York, 1986. 

[BBDGV] A. Blanche!, M. Bonforte, J. Dolheault, G. Grillo and J.L. Vazquez, Asymptotics of the 
fast diffusion equation via entropy estimates. Arch. Rational Mech. Anal. 191 (2009), 347-385. 

[BDGV] M. Bonforte, J. Dolheault, G. Grillo and J.L. Vazquez, Sharp rates of decay of solutions to 
the nonlinear fast diffusion equation via functional inequalities, Proc. Nat. Acad. Sciences 107 
(2010), no. 38, 16459-16464. 

[DK] P. Daskalopoulos and C.E. Kenig, Degenerate diffusion: initial value problems and local reg¬ 
ularity theory. Tracts in Mathematics 1, European Math. Soc., 2007. 

[DKS] P. Daskalopoulos, J. King and N. Sesum, Extinction profile of complete non-compact solu¬ 
tions to the Yamabe flow, arXiv: 1306.0859. 

[DPS] P. Daskalopoulos, M.del Pino and N. Sesum, Type II ancient compact solutions to the Yamabe 
flow, arXiv; 1209.5479. 

[DSl] P. Daskalopoulos and N. Sesum, On the extinction profile of solutions to fast diffusion, J. 
Reine Angew. Math. 622 (2008), 95-119. 

[DS2] P. Daskalopoulos and N. Sesum, The classification of locally conformally flat Yamabe soli- 
tons, Adv. Math. 240 (2013), 346-369. 

[EVWY] M. Fila, J.L. Vazquez, M. Winkler and E. Yanagida, Rate of convergence to Barenblatt 
profiles for the fast diffusion equation. Arch. Rational Mech. Anal. 204 (2012), no. 2, 599-625. 

[FW] M. Fila and M. Winkler, Rate of convergence to separable solutions of the fast diffusion equa¬ 
tion, arXiv: 1405.4661. 

[HP] M.A. Herrero and M. Pierre, The Cauchy problem for u, = Am"' when 0 < nt < 1, Trans. Amer. 
Math. Soc. 291 (1985), no. 1, 145-158. 

[Hsl] S.Y Hsu, Asymptotic profile of solutions of a singular diffusion equation ast^oo. Nonlinear 
Anal. TMA 48 (2002), 781-790. 

[H.s2] S.Y. Hsu, Singular limit and exact decay rate of a nonlinear elliptic equation, Nonlinear Anal. 
TMA 75 (2012), 3443-3455. 

[Hs3] S.Y. Hsu, Existence and asymptotic behaviour of solutions of the very fast diffusioin equation, 
Manuscripta Math. 140 (2013), nos. 3-4, 441^60. 

[Hull] K.M. Hui, On some Dirichlet and Cauchy problems for a singular diffusion equation. Differ¬ 
ential Integral Equations 15 (2002), no. 7, 769-804. 

[Hui2] K.M. Hui, Singular limit of solutions of the very fast diffusion equation. Nonlinear Anal. 
TMA 68 (2008), 1120-1147. 

[Hui3] K.M. Hui, Asymptotic behaviour of solutions of the fast diffusion equation near its extinction 
time, arXiv: 1407.2696. 

[K] T. Kato, Schrbdinger operators with singular potentials, Israel J. Math. 13 (1973), 135-148. 

[LSU] O.A. Ladyzenskaya, V. A. Solonnikov and N.N. Uraltceva, Linear and quasilinear equations 
of parabolic type, Transl. Math. Mono. vol. 23, Amer. Math. Soc., Providence, R.I., U.S.A., 
1968. 

[OR] S.J. Osher and J.V. Ralston, L* stability of traveling waves with applications to convective 
porous media flow, Comm.Pure Appl. Math. 35 (1982), 7371-7749. 

N—2 

[PS] M.del Pino and M. Saez, On the extinction profile for solutions of u, = Autt+t, Indiana Univ. 
Math. J. 50 (2001), no. 1, 611-628. 

[VI] J.L. Vazquez, Nonexistence of solutions for nonlinear heat equations of fast-diffusion type, J. 
Math. Pures Appl. 71 (1992), 503-526. 

[V2] J.L. Vazquez, Smoothing and decay estimates for nonlinear diffusion equations, Oxford Lec¬ 
ture Series in Mathematics and its Applications 33, Oxford University Press, Oxford, 2006. 

[Y] R. Ye, Global existence and convergence of Yamabe flow, J. Differential Geom. 39 (1994), no. 
1, 35-50. 


ASYMPTOTIC LARGE TIME BEHAVIOR OE SINGULAR SOLUTIONS 


37 


Kin Ming Hui: Institute of Mathematics, Academia Sinica Taipei, Taiwan, R. O. C. 
E-mail address: kmhuiOgate. sinica. edu. tw 

SoojuNG Kim; Institute of Mathematics, Academia Sinica Taipei, Taiwan, R. O. C. 
E-mail address: soojung26@gmail. com; soojung26@math. sinica. edu. tw 


